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LAGRANGIAN MEAN CURVATURE FLOW FOR ENTIRE
LIPSCHITZ GRAPHS
ALBERT CHAU, JINGYI CHEN, AND WEIYONG HE
Abstract. We consider the mean curvature flow of entire Lagrangian graphs with
Lipschitz continuous initial data. Assuming only a certain bound on the Lipschitz
norm of an initial entire Lagrangian graph in R2n, we show that the parabolic
equation (1.1) has a longtime solution which is smooth for all positive time and
satisfies uniform estimates away from time t = 0. In particular, under the mean
curvature flow (1.2) the graph immediately becomes smooth and the solution exists
for all time such that the second fundamental form decays uniformly to 0 on the
graph as t → ∞. Our assumption on the Lipschitz norm is equivalent to the
assumption that the underlying Larangian potential u is uniformly convex with its
Hessian bounded in L∞. We apply this result to prove a Bernstein type theorem
for translating solitons, namely that if such an entire Lagrangian graph is a smooth
translating soliton, then it must be a flat plane. We also prove convergence of the
evolving graphs under additional conditions. See Theorem 1.1 and Theorem 1.3 for
details.
1. Introduction
In this paper we consider the mean curvature flow of entire Lagrangian graphs
with Lipschitz continuous initial data. In particular, we focus on existence of smooth
solutions assuming only an L∞ bound on the Hessian of the underlying potential of
an entire Lagrangian graph. In the compact case, a shorttime smooth solution of
mean curvature flow always exists if the initial submanifold is smooth or satisfies a
certain smallness condition on local slope [14]. In the noncompact case, a remarkable
result asserting existence of longtime smooth solutions of the mean curvature flow
for codimension one entire graphs for any locally Lipschitz initial data, without any
growth condition at infinity, is obtained in [3]. However, for higher codimensions
one does not expect a shorttime smooth solution if the initial data has only bounded
Lipschitz norm in view of the example of Lawson and Osserman [9].
Consider the fully nonlinear parabolic equation on Rn:
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(1.1)


du
dt
=
1√−1 log
det(In +
√−1D2u)√
det(In + (D2u)2)
u(x, 0) = u0(x),
where In is the n dimensional identity matrix. There exists a family of diffeomor-
phisms rt : R
n → Rn such that F (x, t) = (rt(x), Du(rt(x), t)) ⊂ R2n is a solution to
the mean curvature flow equation
(1.2)
{
dF
dt
= H
F (x, 0) = F0(x)
where H(x, t) is the mean curvature vector of the submanifold F (x, t) ⊂ R2n at F (x, t)
(cf. Lemma 2.1).
One of our main results in this paper is
Theorem 1.1. Suppose that u0 : R
n → R is a function with L∞ Hessian satisfying
(1.3) − (1− δ)In ≤ ess inf D2u0 ≤ ess supD2u0 ≤ (1− δ)In
for any δ ∈ (0, 1). Then (1.1) has a longtime smooth solution u(x, t) for all t > 0
with initial condition u0 such that the following estimates hold:
(1) −(1− δ)In ≤ D2u ≤ (1− δ)In for all t > 0,
(2) supx∈Rn |Dlu(x, t)|2 ≤ Cl,δ/tl−2 for all l ≥ 3, and some Cl,δ depending only on
l and δ.
(3) u(x, t) ∈ C∞(Rn × (0,∞)) ∩ C1+α,βloc (Rn × [0,∞)) for any 0 < α, β < 1.
If we assume in addition that |Du0(x)| → 0 as |x| → ∞, then supx∈Rn |Du(x, t)| → 0
as t → ∞. In particular, the graph (x,Du(x, t)) immediately becomes smooth and
converges smoothly on compact sets to the coordinate plane (x, 0) in R2n.
Remark 1.1. After a change of coordinates described in [15], (1.3) can be restated as:
the Hessian of u has positive lower and upper bounds almost everywhere.
As an application of Theorem 1.1 we prove the following Bernstein type theorem
for entire graphical translating solitons to the mean curvature flow (see Section 2
for definitions). The theorem can be compared to Yuan’s Bernstein theorem in [15]
for entire Lagrangian graphs which states that a minimal graph (x,Du0(x)) ⊂ R2n
satisfying −In ≤ D2u ≤ In must be a flat plane.
Theorem 1.2. Suppose that u0 : R
n → R is smooth and satisfies (1.3) for any
δ ∈ (0, 1) and that the graph (x,Du0(x)) is a Lagrangian translating soliton. Then
(x,Du0(x)) must be a flat plane in R
2n.
Longtime existence and convergence results have been proven in [12] and [13] for
compact graphical Lagrangian submanifolds of T 2n, the standard 2n dimensional flat
torus, with smooth convex initial potentials. On the other hand, in [2] it was shown
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that (1.2) has a longtime smooth solution with curvature decay emerging from any
entire hypersurface in Rn+1 with bounded Lipschitz constant and our results can be
viewed as a Lagrangian version of this. When the initial data has sufficiently small
Lipschitz bound then the mean curvature flow admits a longtime graphical solution
[8].
One of our key observations is that in the setting of Theorem 1.1, the mean curva-
ture H controls the second fundamental form A along the Lagrangian mean curvature
flow where the Bernstein type theorem in [15] for special Lagrangian entire graphs
plays a crucial role. In particular, we show that |H|2 decays in time at a rate C/t
and thus so does |A|2. This estimate ultimately provides the longtime existence in
Theorem 1.1, and allows us to handle initial data without any curvature assumptions.
More precisely, we make no assumption on the Cα norm of D2u0. The strategy of
our proof for Theorem 1.1 is as follows. In Section 3, we derive the a priori esti-
mate |H|2 ≤ C/t for smooth solutions of the mean curvature flow (1.2) under the
assumption that the geometry of the graph at each t ≥ 0 is bounded. This is done
by adapting Hamilton’s maximum principle for tensors [5] to the noncompact situ-
ation. In Section 4 we deal with (1.1) for smooth initial potential functions under
the assumption that the spacial derivatives Dlu are uniformly bounded in space for
every time for l ≥ 2. We also show that the initial condition (1.3) is preserved un-
der the evolution. Then applying Yuan’s Bernstein theorem [15] to a blow-up limit,
which is minimal if |H| < C along the flow, we obtain the curvature estimate: D3u
is uniformly bounded along the flow. From this we then work out the higher deriv-
ative estimates on u directly. In Section 5, we first construct a sequence of smooth
functions uk0 approximating u0 such that D
2uk0 satisfies the desired bounds for all k.
We then prove a general shorttime existence result for the graphical mean curvature
flow equation (5.1) in Proposition 5.1, and we use this and our a priori estimates to
show that for each approximting function uk0, there exists a smooth longtime solution
satisfying the bounded geometry conditions. Finally the estimates obtained will in
fact allow us to extract a convergent subsequence of solutions which converges to a
longtime solution to (1.1) which is smooth for t > 0 and converges to u0 as t → 0.
Note that an entire uniformly bounded longtime smooth solution to a parabolic equa-
tion may fail to converge as t → ∞ even for the standard heat equation. Using a
theorem of Il’in [7], we have that if |Du0| → 0 as |x| → ∞ in addition to (1.3), then
the evolving graph (x,Du(x, t)) in Theorem 1.1 converges to the coordinate plane
(x, 0) as t→∞. We prove Theorem 1.1 and Theorem 1.3 in Section 6 and we prove
Theorem 1.2 in Section 7.
A particular case of Theorem 1.1 is when Du0 : R
n → Rn is a lift of a map
f : T n → T n, where T n is the standard n-dimensional flat torus. In this case we get
convergence as in the following
Theorem 1.3. Let u0 : R
n → R satisfy (1.3) for any δ ∈ (0, 1) such that Du0 : Rn →
Rn is a lift of a map f : T n → T n. Then (1)-(3) in Theorem 1.1 hold. Moreover,
4 ALBERT CHAU, JINGYI CHEN, AND WEIYONG HE
the graph (x,Du(x, t)) immediately becomes smooth after initial time and converges
smoothly to a flat plane in R2n.
By Remark 1.1, Theorem 1.3 generalizes the main result in [13] by allowing non-
smooth initial data; in particular, one does not need to assume the initial curvature
is bounded:
Corollary 1.1. Let u0 : R
n → R satisfying 0 < ess inf D2u0 < ∞ such that Du0 :
R
n → Rn is the lift of a map f : T n → T n. Then the conclusion of Theorem 1.3
holds.
2. Preliminaries
Let (x1, · · ·, xn, y1, · · ·, yn) be global coordinates on R2n = Rn × Rn and define the
complex structure tensor J on R2n in these coordinates by
J
∂
∂xi
=
∂
∂yi
, J
∂
∂yi
= − ∂
∂xi
.
We denote the standard Euclidean metric in the above coordinates on R2n by 〈·, ·〉
and the standard symplectic form ω by
ω =
n∑
i=1
dxi ∧ dyi.
Now let F (x, t) : Rn → R2n be a family of smooth immersions for t ∈ [0, T ), and fix
global coordinates x1, · · ·, xn, y1, · · ·, yn on the target R2n as above. We will also use
x1, ..., xn to denote the coordinates on the domain R
n. Adopting the above definitions
and notations for the target R2n, we have the following time dependent tensors on
Rn induced by F (x, t):
(1) gij := 〈Fi, Fj〉 (the metric tensor)
(2) hijk := −ω(Fi,∇jFk) (the second fundamental form)
(3) Hi := g
jkhijk (the mean curvature form)
where Fi := ∂F/∂xi and ∇ is the covariant derivative on Rn with respect to the
induced metric gij. For any vector V = (v1, · · ·, vn, v˜1, · · ·, v˜n) on R2n we define
V := (v1, · · ·, vn,−v˜1, · · ·,−v˜n). Define the tensor S by
S(V,W ) = 〈V ,W 〉
and consider the corresponding tensor on Rn induced by F (x, t):
Sij := 〈F i, Fj〉.
The above tensor was introduced in [12] and as in the case there, it will play a key
role in our a priori estimates.
An immersion F : Rn → R2n is called Lagrangian provided F ∗ω = 0 on F (Rn). It
is not hard to show that given any function u : Rn → R, the corresponding graph
LAGRANGIAN MEAN CURVATURE FLOW 5
(x,Du(x)) ⊂ R2n is always Lagrangian and thus any family of functions u(x, t) :
R
n → R defines a family of Lagrangian graphs in R2n. The following lemma from
[12] establishes the correspondence between solutions of (1.1) and (1.2) sufficient for
our purposes.
Lemma 2.1. Let u0 : R
n → R be a smooth function. Then (1.1) has a smooth
solution on Rn × [0, T ) with initial condition u(x, 0) = u0 if and only if (1.2) has a
smooth solution F (x, t) on Rn × [0, T ) with initial condition F (x, 0) := (x,Du0(x)).
In particular, there exists a smooth family of diffeomorphisms r(x, t) : Rn → Rn for
t ∈ [0, T ) such that F (x, t) := (r(x, t), Du(r(x, t), t)) solves (1.2) on Rn × [0, T ).
A Lagrangian submanifold L in R2n = Cn is called special Lagrangian when its
mean curvature is identically zero in which case it is a stationary solution of (1.2).
As in [6], an entire special Lagrangian graph (x,Du(x)) satisfies the equation
(2.1) F (D2u) =
∑
i
arctanλi = Θ
for some constant Θ, where λis are eigenvalues of D
2u. More generally, L is called a
Lagrangian translating soliton when Lt = L+ tT is a solution to the mean curvature
flow for some constant translating vector
T = (a1, a2, · · · , an, b1, b2, · · · , bn).
An entire Lagrangian translating soliton graph (x,Du(x)) with translating vector T
satisfies the equation
(2.2)
∑
i
arctanλi +
∑
i
ai
∂u
∂xi
−
∑
i
bixi = c,
for some constant c. We can derive (2.2) as follows. In general, a translating soliton
to the mean curvature flow is defined by the identity H ≡ T⊥, where H is the mean
curvature vector of the graph (x,Du(x)) and T⊥ is the normal part of a constant
vector T along the submanifold. On the other hand, on a Lagrangian submanifold L,
the mean curvature vector H is given by
H = J∇θ,
where θ =
∑
arctanλi is the Lagrangian angle. Thus when L is a Lagrangian trans-
lating soliton we have
(2.3) (∇θ, Fi) = (−JT⊥, Fi).
Now (2.2) then follows from (2.3) and the fact that (∇θ, Fi) = ∂θ∂xi and (−JT⊥, Fi) =
(−JT, Fi) = bi −
∑
k akuik.
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3. A priori estimates for (1.2)
In this section we establish some a priori estimates for smooth solutions to (1.2).
Assume that F (x, t) is a smooth solution to (1.2) on Rn× [0, T ) for some 0 < T ≤ ∞
such that F (Rn, t) ⊂ R2n satisfies:
(3.1) sup
x∈Rn
|∇kA(x, t)| ≤ C(t, k) <∞
for each t < T and nonnegative integer k, where C(t, k) is a positive constant which
may go to infinity as t tends to T for a fixed k. We also assume that the pullback
F (·, t)∗ds2 of the Euclidean metric ds2 on R2n is equivalent to the Euclidean metric
dx2 on Rn for any t ∈ [0, T ):
(3.2) C1(t)dx
2 ≤ F (·, t)∗ds2 ≤ C2(t)dx2
for some positive constants C1(t), C2(t) depending only on t. Such F (x, t), satisfying
(3.1) and (3.2), is said to have bounded geometry for every t ∈ [0, T ).
Let ∆f := gij∇i∇jf for any function f where ∇ is the covariant derivative relative
to gij. We establish the following lemma which is a noncompact version of Lemma
3.1 in [12].
Lemma 3.1. Let F (x, t) be a smooth solution to (1.2) and suppose that F (x, t) has
bounded geometry for each t ∈ [0, T ). For any given ǫ > 0, if Sij − ǫgij ≥ 0 at t = 0
then Sij − ǫgij ≥ 0 for all t ∈ [0, T ).
Proof. Recall the following formulas from [12]:
d
dt
Sij = ∆Sij − RliSlj − RljSli + 2hkmi hnjkSmn
d
dt
gij = −2H lhlij
(3.3)
where hijk := g
inhnjk, h
ij
k := g
ingmjhmnk, R
l
i := g
ljRjl and Rij = H
lhlij − hmni hmnj is
the Ricci curvature tensor of gij. It follows that(
∂
∂t
−∆
)
(Sij − ǫgij) = −Rli (Slj − ǫglj)−Rlj (Sli − ǫgli)+2hkmi hnjkSmn+2ǫhmni hjmn.
We will adopt Hamilton’s maximum principle for tensors to the noncompact case.
Step 1. We first show that Sij − ǫgij ≥ 0 in [0, T ) if Sij − ǫgij/2 ≥ 0 in [0, T ).
For constants δ, R > 0 and 0 < µ < ǫ to be determined, consider the function
φR(x) := 1 +
∣∣∣ x
R
∣∣∣2
and consider the symmetric tensor
aij := e
δtφRSij − (ǫ− µ)gij.
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We compute
∂
∂t
aij =e
δtφR
(
∆Sij − RliSlj − RljSli + 2hkmi hnjkSmn
)
+ 2(ǫ− µ)H lhlij + δeδtφRSij
=∆aij − Rlialj − Rljali + 2(ǫ− µ)hmni hjmn + 2eδtφRhkmi hnjkSmn
+ δeδtφRSij − eδt∆(φR)Sij − 2eδt∇φR∇Sij.
(3.4)
Fix 0 < T ′ < T . Now we want to prove that for any δ, µ > 0 there exists a large
number R0 such that aij > 0 for all R ≥ R0 in [0, T ′]. It is clear that aij > 0 on
Rn × {0}. Moreover, since Sij − ǫgij/2 ≥ 0 in [0, T ), there exists r > 0 such that
for |x| ≥ r we have aij(x, t) > 0 for any t ∈ [0, T ′]. Suppose now that aij has a
zero eigenvalue at (x0, t0) ∈ Rn × [0, T ′]. Then we have (x0, t0) ∈ Br(0) × (0, T ′],
and we may further assume that t0 is the first such time: aij > 0 for any t < t0.
Let V = (V 1, ..., V n) 6= 0 be a null vector of aij(x0, t0), namely aij(x0, t0)V j = 0.
We extend V locally as follows: at the time slice t0 we parallel translate V along
radial geodesics in a normal neighborhood U around x0, then set V (x, t) = V (x, t0)
for x ∈ U and t ≤ t0. Then at the point (x0, t0), we have
(3.5) ∇V = ∇2V = 0
and
(3.6)
d
dt
(aijV
iV j) ≤ 0 and ∆(aijV iV j) ≥ 0.
Straightforward computation leads to
∇iφR = gik2xk
R2
∆φR =
2
R2
∑
k
gkk +
2
R2
√
g
∂i(g
ik√g)xk
(3.7)
By assumption (3.2) gij is uniformly equivalent to the Euclidean metric on R
n in
[0, T ′] up to a constant depending only on T ′. As noted in [12], Sij is the pullback of
a constant coefficient tensor S on R2n by F (x, t). It follows by the bounded geometry
assumption on F (x, t) that Sij and ∇Sij are uniformly bounded on Rn × [0, T ′] by a
constant depending only on T ′. Thus at (x0, t0) we have
−c(T ′) |x0|
R2
Sij ≤ ∇φR∇Sij ≤ c(T ′) |x0|
R2
Sij
|∆φR| ≤ c(T ′)
(
1
R2
+
|x0|
R2
)(3.8)
where c(T ′) is a constant depending only on T ′ and we have used the assumption
that Sij ≥ ǫgij/2. Now choose sufficiently large R0 depending on T ′ and δ such that
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the following real quadratic in y is positive for any y:
δ
2
y2 − 3c(T
′)
R0
y +
(
δ
2
− c(T
′)
R20
)
> 0.
For any R ≥ R0, the following quadratic in y is also positive
δ
2
y2 − 3c(T
′)
R
y +
(
δ
2
− c(T
′)
R2
)
> 0.
Then we compute
δeδtφRSij − eδt∆(φR)Sij − 2eδt∇φR∇Sij
≥ eδtSij
(
δ + δ
|x0|2
R2
− 3c(T
′
)|x0|
R2
− c(T
′
)
R2
)
≥ eδtSij
[
δ
2
( |x0|
R
)2
− 3c(T
′
)
R
( |x0|
R
)
+
δ
2
− c(T
′
)
R2
]
+
δ
2
eδtSij
>
δ
2
eδtSij .
(3.9)
Now denote
Nij =
∂
∂t
aij −∆aij .
Then for any R ≥ R0 and µ < ǫ, by (3.4), (3.9) and the fact that V is parallel around
x0 when t = t0, the following holds at (x0, t0)
NijV
iV j =2(ǫ− µ)hmni hjmnV iV j + 2eδtφRhkmi hnjkSmnV iV j
+
(
δeδtφRSij − eδt∆(φR)Sij − 2eδt∇φR∇SijV iV j
)
>
1
2
δeδtSijV
iV j
>0.
(3.10)
But this contradicts (3.6). It follows that aij > 0 in [0, T
′
]. Now let R → ∞ first,
then µ→ 0, and finally δ → 0, we get that
Sij − ǫgij ≥ 0.
Since this holds for any T
′
, we have proved that Sij − ǫgij ≥ 0 holds in [0, T ) under
the assumption Sij − ǫgij/2 ≥ 0 in [0, T ).
Step 2. We now remove the assumption Sij − ǫgij/2 ≥ 0 in [0, T ) in Step 1.
First note that at t = 0
Sij − ǫ
2
gij ≥ ǫ
2
gij ≥ Cǫ δij
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for some constant C > 0. Also by the bounded geometry assumption on F (x, t) we
know that for any t ∈ [0, T ) ∣∣∣∣ ddtSij(x, t)
∣∣∣∣ ≤ C(t)
where C(t) is a constant depending only t. It follows that there is a maximal positive
time T0, such that Sij − ǫgij/2 > 0 holds in [0, T0). Then by the maximum principle
argument above, we know that Sij − ǫgij ≥ 0 in [0, T0). If T0 6= T , by continuity, we
know that Sij − ǫgij ≥ 0 in [0, T0] and we can then find some positive T ′0 such that
Sij − ǫgij/2 holds in [T0, T0 + T ′0) ⊂ [T0, T ). But this contradicts the choice of T0. So
T0 = T . 
In the compact case, it is proved in [12] that |H| ≤ C is preserved along the mean
curvature flow (1.2) by considering the tensor Sij − ǫHiHj . Inspired by [12], we use
Sij − ǫtHiHj to obtain the global decay estimate on the mean curvature in time:
|H|2 ≤ Ct−1. These estimates hold in both the compact and noncompact case.
Lemma 3.2. Let F (x, t) be a smooth solution of (1.2) having bounded geometry for
each t ∈ [0, T ). Suppose Sij − ǫ1gij ≥ 0 on Rn × [0, T ) for some ǫ1 > 0. Then there
exists a constant ǫ2 > 0 depending only ǫ1 such that
Sij − ǫ2tHiHj ≥ 0
on Rn × [0, T ).
Proof. Recall the following formulas from [12]:
d
dt
Sij = ∆Sij − RliSlj − RljSli + 2hkmi hnjkSmn
d
dt
Hi = ∆Hi − RjiHj
d
dt
gij = −2H lhlij
(3.11)
Now for any δ, R > 0 and ǫ2 > 0 to be determined, let φR(x) := 1 + |x/R|2 and
consider the tensor
Mij := e
δtφRSij − ǫ2tHiHj.
Then using (3.11) we calculate:
d
dt
Mij =e
δtφR(∆Sij −RliSlj − RljSli + 2hkmi hnjkSmn) + δeδtφRSij
− ǫ2t(∆Hi − RliHl)Hj − ǫ2tHi(∆Hj −RljHl)− ǫ2HiHj
=∆Mij + 2ǫ2t∇Hi∇Hj −RliMlj − RljMli
− eδt∆(φR)Sij − 2eδt∇φR∇Sij + δeδtφRSij
+ 2eδtφRh
km
i h
n
jkSmn − ǫ2HiHj
(3.12)
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Fix 0 < T ′ < T . Now we want to prove that for any δ, µ > 0 there exists a large
number R0 such that Mij > 0 for all R ≥ R0 in [0, T ′]. It is clear that Mij(x, 0) > 0,
and there exists r such that for |x| ≥ r we have Mij(x, t) > 0 for any t ∈ [0, T ′].
Suppose now that Mij has a zero eigenvalue at (x0, t0) ∈ Rn × [0, T ′]. Then we have
(x0, t0) ∈ Br(0) × (0, T ′], and we may further assume that t0 is the first such time:
Mij > 0 for any t < t0. Let V be a null vector for Mij(x0, t0) and extend V locally in
space and time as in the proof of Lemma 3.1. Then at (x0, t0) we have (3.5) and
(3.13)
d
dt
(MijV
iV j) ≤ 0 and ∆(MijV iV j) ≥ 0.
We estimate the following at (x0, t0)
NijV
iV j :=(2ǫ2t∇Hi∇Hj − RliMlj − RljMli − eδt∆(φR)Sij
+ 2eδtφRh
km
i h
n
jkSmn + δe
δtφRSij − ǫ2HiHj)V iV j
≥(−eδt∆(φR)Sij − 2eδt∇φR∇Sij + δeδtφRSij)V iV j
+ (2eδtφRh
km
i h
n
jkSmn − ǫ2HiHj)V iV j
(3.14)
Now fix δ > 0. Then as in the proof of Lemma 3.1 (see (3.9)), there exists R0
depending on T
′
and δ such that for R ≥ R0, we have
−eδt∆(φR)Sij − 2eδt∇φR∇Sij + δeδtφRSij > 1
2
δeδtSij > 0.
Also, for some choice of ǫ2 depending only on ǫ1, the term in the last line in (3.14) is
nonnegative since Sij ≥ ǫ1gij. Thus at (x0, t0) we have, for these choices of constants
(3.15)
d
dt
(MijV
iV j) = ∆(MijV
iV j) +NijV
iV j > 0,
which contradicts (3.13). We have thus proved that for the above choices of constants,
Mij > 0 on R
n×[0, T ′]. The lemma then follows from first letting R→∞ then letting
δ → 0. 
Corollary 3.1. Under the hypothesis in Lemma 3.2 we have |H|2 ≤ C/t on Rn×[0, T )
for some constant C depending only on ǫ1.
Proof. By the definition of S on R2n, it is not hard to see that gijSij ≤ n everywhere
on Rn. The desired result now follows immediately by tracing the tensor in Lemma
3.2 with respect to the metric gij. 
This decay estimate is crucial in this paper. With the blow-up argument in next
Section, it allows us to deal with initial data u0 with Hessian in L
∞ and obtain a
longtime solution to (1.1) with curvature decay at t =∞.
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4. A priori estimates for (1.1)
In this section we prove some a priori estimates for smooth solutions to (1.1). Let
u(x, t) be a smooth solution to (1.1) on Rn× [0, T ) for some 0 < T ≤ ∞. We assume
that for every k ≥ 2 we have
sup
Rn
|Dku(x, t)| ≤ C(k, t) <∞
for any t ∈ [0, T ) where C(t, k) is a positive constant which may go to infinity as t
tends to T for a fixed k. We will say that such a solution u(x, t) satisfies the bounded
geometry condition for any t ∈ [0, T ). Let g˜ij be the metric on Rn induced by
F˜ (x, t) := (x,Du(x, t))
and introduce the operator L defined by
Lf = g˜ijfij
for any smooth function f on Rn with subscripts denoting partial differentiation with
respect to the standard coordinates on Rn. Thus g˜ij = δij + uikukj and we note that
g˜ and g differ by a tangential diffeomorphism for each t. We will also let
|Dku|2 = ui1,..,ikui1,..,ik
where we adopt the summation convention for repeated indices. Differentiating (1.1)
gives
(4.1)
∂ui
∂t
= g˜pqupqi = Lui.
Lemma 4.1. Suppose u(x, t) is a smooth solution of (1.1) satisfying the bounded
geometry condition. Consider the nonnegative definite matrix bij := uikukj. If bij ≤
(1 − δ)δij initially for some δ with 0 < δ < 1, then it remains so along the equation
(1.1).
Proof. This is a consequence of Lemma 3.1 along the mean curvature flow (1.2). Let
u(x, t) be a smooth solution of (1.1). By Lemma 2.1, the family of Lagrangian graphs
F˜ (x, t) = (x,Du(x, t)) differs by a tangential diffeomorphism to a smooth solution
F (x, t) of the mean curvature flow (1.2) with the initial data F˜0(x) = (x,Du(x, 0)).
Let ǫ = (1− δ)/(1+ δ). Now pulling back the ambient tensors S and 〈·, ·〉 by F (x, t),
Lemma 3.1 shows that Sij − ǫgij ≥ 0 is preserved along the mean curvature flow
(1.2). Now let S˜ = F ∗S. Then as F˜ and F differ only by tangential diffeomorphisms
we have S˜ij − ǫg˜ij ≥ 0 is preserved along the flow (1.1). Writing this in terms of
the potential u gives S˜ij = δij − ukiukj and g˜ij = δij + ukiukj respectively, and thus
δij − ukiukj − ǫ(δij + ukiukj) ≥ 0 is preserved along the flow (1.1). This implies that
bij ≤ (1− δ)δij is preserved along (1.1). 
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A direct consequence of Lemma 4.1 is that the relation
−(1− δ)In ≤ D2u ≤ (1− δ)In
is preserved along (1.1) for any δ ∈ (0, 1).
Next, we will derive higher order estimates for (1.1) via a blowup argument. To do
so, we will employ a parabolic scaling which we now describe. Define
y = λ(x− x0),
s = λ2(t− t0),
uλ(y, s) = λ
2 (u(x, t)− u(x0, t0)−Dxu(x0, t0) · (x− x0)).
We compute
D2yuλ = D
2
xu and
∂
∂s
uλ =
∂
∂t
u.
So uλ(y, s) is a solution of (1.1) with uλ(0, 0) = 0 and Duλ(0, 0) = 0. Also we can
verify
Dlyuλ(y, s) = λ
2−lDlxu(x, t)
for all nonnegative integers l. We refer to (y,Duλ(y, s)) as the parabolic scaling of the
graph (x,Du(x, t)) by λ at (x0, t0).
Lemma 4.2. Let u be a smooth solution of (1.1) in [0, T ) satisfying the bounded
geometry condition. Suppose |D2u|2 ≤ C and |D3u|2 ≤ C on Rn× [0, T ) for some C.
Then for every l ≥ 4 there exists a constant Cl such that
sup
x∈Rn
|Dlu(x, t)|2 ≤ Cl
for all t ∈ [0, T ).
Proof. Instead of appealing to results from the mean curvature flow theory on higher
order derivatives of A and then converting them to derivatives of u, we argue directly
for the equation (1.1). Suppose in addition |D4u|2 ≤ C in [0, T ). Then a standard
parabolic bootstrapping argument for the quasilinear equation (4.1) gives |Dlu|2 ≤ Cl
for l ≥ 5. It will thus suffice to prove the lemma for l = 4 which we do below.
Suppose that |D4u| were not bounded over Rn × [0, T ). By the bounded geometry
condition assumption on u, there would be a sequence tk → T such that
2µk := sup
x∈Rn
|D4u(x, tk)|2 →∞
and
sup
t≤tk ,x∈Rn
|D4u(x, t)|2 ≤ 2µk.
Then there exists xk such that |D4u(xk, tk)|2 ≥ µk →∞ for tk → T . Let (y,Duλk(y, s))
be the parabolic scaling of (x,Du(x, t)) by λk = µ
1/4
k at (xk, tk) for each k.
LAGRANGIAN MEAN CURVATURE FLOW 13
Thus uλk(y, s) is a solution of (1.1) for s ∈ [−λ2ktk, 0] and the first order derivatives
of uλk satisfies the quasilinear parabolic equation (4.1):
∂(uλk)p
∂s
= g˜ij(uλk)pij
Note that
|D2yuλk | = |D2xu| ≤ C,
|D3yuλk |2 = λ−2k |D3xu|2 → 0 as k →∞
and
|D4yuλk |2 ≤ λ−4k |D4xu|2 ≤ 2,
|D4yuλk(0, 0)| ≥ 1.
By the parabolic bootstrapping argument, |Dlyuλk | are uniformly bounded for s ∈
[−λ2ktk, 0], l ≥ 5 and for any k. Therefore, the s derivatives of uλk of any positive
order are uniformly bounded as well. Recall that uλk(0, 0) = 0 and Dyuλk(0, 0) = 0,
hence in any fixed ball BR(0) in R
n there is a positive constant C independent of k
and s such that
|uλk(y, s)| ≤ C(R2 + |s|2) and |Dyuλk(y, s)| ≤ C(R + |s|).
Therefore uλk converges subsequentially to a smooth function uR on BR(0)× [−R, 0]
for any R > 0, and a diagonal sequence argument shows that uλk converges subse-
quentially and uniformly on compact subsets in Rn × (−∞, 0] to a smooth solution
u∞ of (1.1) with
|D3yu∞| = 0 and |D4yu∞(0, 0)| ≥ 1,
which is a contradiction. Thus |D4u| is bounded in [0, T ), and hence completes the
proof. 
Lemma 4.3. Let u be a smooth solution of (1.1) in [0, T ) satisfying the bounded
geometry condition. Suppose −(1 − δ)In ≤ D2u(x, 0) ≤ (1− δ)In for some δ ∈ (0, 1)
and |H| ≤ C on Rn × [0, T ) for some constant C. Then for every l ≥ 3 there exists
a constant Cl such that
sup
x∈Rn
|Dlu(x, t)|2 ≤ Cl
for all t ∈ [0, T ).
Proof. By Lemma 4.1, −(1−δ)In ≤ D2u ≤ (1−δ)In holds in [0, T ). Also, by Lemma
4.2, we need only to prove the lemma in the case l = 3. Suppose that the lemma were
false for l = 3. Let
A(t) := sup
t′≤t,x∈Rn
|D3u(x, t)|.
Then there is a sequence (xk, tk) along which we have |D3u(xk, tk)| ≥ A(tk)/2 while
A(tk) → ∞ as tk → T . Let λk = A(tk). For each k let (y,Dyuλk(y, s)) be the
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parabolic scaling of the graph (x,Du(x, t)) by λk at (xk, tk). Then uλk(y, s) is a
smooth solution of (1.1) on Rn × [−λ2ktk, 0]. Note that∣∣D2yuλk∣∣ ≤ C
|D3yuλk | = λ−1k |D3xu| ≤ 1
on Rn × [−λ2ktk, 0] and
|D3yuλk(0, 0)| ≥
1
2
.
By Lemma 4.2, we conclude that all the higher derivatives of uλk are uniformly
bounded on Rn × [−λ2ktk, 0]. As in the proof of Lemma 4.2, there is a subsequence
of uλk converging smoothly and uniformly on compact subsets in R
n × (−∞, 0] to a
smooth solution u∞ to (1.1) on R
n × (−∞, 0]. Since |H| ≤ C for the graphs (x,Du)
by assumption, after scaling we have |Hλk | ≤ λ−1k C for the graphs (y,Dyuλk). It
follows that the graphs (y,Dyu∞(y, s)) have |H∞| = 0 everywhere and is then a
special Lagrangian graph with −In ≤ D2yu∞ ≤ In. Then by the Bernstein Theorem
in [15], u∞ is a quadratic polynomial. This contradicts |D3yu∞(0, 0)| = 1/2. 
We end the section by showing that a bound on the height of the graphs is preserved
along (1.1). We only need this for the convergence part of Theorem 1.1.
Lemma 4.4. Suppose that u is a smooth solution of (1.1) in [0, T ) and satisfies the
bounded geometry condition. Then
sup
x∈Rn
|Du(x, t)|2 ≤ sup
x∈Rn
|Du(x, 0)|2
for all t ∈ [0, T ).
Proof. Multiplying (4.1) by ui and summing over i gives
(4.2)
(
∂
∂t
− L
)
|Du|2 = −2ngpqupiuqi ≤ 0.
As u satisfies the bounded geometry condition, the lemma follows from the maximum
principle in [3]. 
5. An approximating sequence
In this section we first construct a sequence of smooth approximations, each with
bounded geometry, of the initial data in Theorem 1.1. Then we establish a general
shorttime existence result for the nonparametric mean curvature flow equation (5.1).
By the a priori estimates in Section 3 and Section 4, we obtain a longtime solution
to (1.1) for each approximation.
Lemma 5.1. Let u0 : R
n → R be as in Theorem 1.1. Then there exists a sequence
of smooth functions uk0 : R
n → R such that
LAGRANGIAN MEAN CURVATURE FLOW 15
(1) uk0 → u0 in C1+α(BR(0)) for any R and α ∈ (0, 1),
(2) −(1− δ)In ≤ D2uk0 ≤ (1− δ)In for every k,
(3) supx∈Rn |Dluk0| ≤ Cl,k for every l ≥ 2 and k.
Proof. Let
uk0(x) =
∫
Rn
u0(y)K(x, y, 1/k)dy
where K(x, y, t) is the standard heat kernel on Rn × (0,∞). Conditions (1) and (2)
and smoothness of uk0 are easily verified. Now note that by hypothesis, D
2
yu0(y) is a
well defined and uniformly bounded function almost everywhere on Rn and that we
may write
Dlxu
k
0(x) =
∫
Rn
D2yu0(y)D
l−2
x K(x, y, 1/k)dy
for every l ≥ 1 from which it is easy to see that condition (3) is also true. 
Now consider the nonparametric mean curvature flow equation for f : Rn → Rm
(5.1)
{
dfa
dt
= gij(f)(fa)ij
f(x, 0) = f0(x)
where gij(f) is the inverse of gij(f) := δij +
∑
a f
a
i f
a
j .
Proposition 5.1. Suppose f0 : R
n → Rm is a smooth function such that for each
l ≥ 1, we have sup |Dlf0| ≤ Cl for some constant Cl. Then (5.1) has a shorttime
smooth solution f(x, t) with initial condition f0 such that sup |Dlf | < ∞ for every l
and t.
Proof. Consider the following quasilinear parabolic system for v : Rn → Rm
(5.2)
{
dva
dt
= gij(f0 + v)(v
a)ij + g
ij(f0 + v)(f
a
0 )ij
v(x, 0) = 0
where gij(f0 + v) is the inverse of gij(f0 + v) = δij +
∑
a(f0 + v)
a
i (f0 + v)
a
j . We begin
by proving (5.2) has a shorttime smooth solution. The proof is based on a general
implicit function theorem argument explained in [4] (see Theorem 5.1 in [4]).
For any k let Ck+α,k/2+α/2 be the Banach space of vector valued functions v :
Rn × [0, 1] → Rm which are componentwise in Ck+α,k/2+α/2(Rn × [0, 1]), where the
norm on these spaces is defined by
‖v‖Ck+α,k/2+α/2 = max
1≤a≤m
‖va‖Ck+α,k/2+α/2(Rn×[0,1]).
Define
B1 := {v ∈ C2+α,1+α/2 : v(x, 0) = 0}
B2 := {w ∈ Cα,α/2}
(5.3)
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And define the map Φ : B1 → B2 by
(5.4) [Φ(v)]a :=
dva
dt
− gij(f0 + v)(va)ij − gij(f0 + v)(fa0 )ij.
Then the linearization DΦv0 of Φ at any v0 ∈ B1 corresponds to a uniformly
parabolic linear system on Rn with coefficients in Cα,α/2 and zero initial condition,
and it follows from standard linear parabolic theory that DΦv0 is an isomorphism
from Tv0B1 to Tw0B2 where w0 = Φ(v0). Thus by the implicit function theorem, there
exists ǫ > 0 such that Φ(v) = w has a solution v ∈ B1 provided ‖w − w0‖Cα,α/2 ≤ ǫ.
Now let
F1(x) :=g
ij(f0)(f0)ij,
F2(x) :=g
ij(f0)(F1)ij − gpi(f0)gqj(f0) [∂p(f0)∂qF1 + ∂q(f0)∂pF1] (f0)ij.
Then F1 and F2 are smooth functions belonging to C
k+α,k/2+α/2 for every k. Set
v0(x, t) := tF1(x) +
t2
2
F2(x),
then v0 ∈ B1. It follows that
(5.5) w0 = Φ(v0) = F1 + tF2 − gij
(
f0 + tF1 +
t2
2
F2(x)
)(
f0 + tF1 +
t2
2
F2(x)
)
ij
and w0 ∈ Ck+α,k/2+α/2 for every k and w0(x, 0) = 0. We compute
∂
∂t
w0(x, 0) =F2 − gij (f0) (F1)ij
+ gpi(f0)g
qj(f0) [∂p(f0)∂qF1 + ∂q(f0)∂pF1] (f0)ij
=0.
(5.6)
Now for any τ ∈ (0, 1) define the function
(5.7) wτ (x, t) =
{
0, t ≤ τ
w0(x, t− τ), t > τ
Then by (5.6) we see that wτ ∈ Ck,1 for every k, in particular |DxDtwτ | ≤ C for
some constant C and wτ ∈ B2. Moreover for τ > 0 sufficiently small we have
‖wτ − w0‖Cα,α/2 ≤ ǫ. Thus for such a τ we have Φ(v) = wτ for some v ∈ B1 as
explained above. But this gives Φ(v) = 0 for t ∈ [0, τ) by the definition of wτ , which
in turn implies v(x, t) solves (5.2) for t ∈ [0, τ). Then the smoothness of v(x, t)
follows from a standard bootstrapping argument applied to (5.2). It is now easy to
see that f(x, t) := v(x, t) + f0(x) provides a smooth shorttime solution to (5.1) with
sup |Dlf | <∞ for each l and t. 
Lemma 5.2. Let {uk0(x)} be the sequence in Lemma 5.1. Then for each k, (1.1) has
a smooth solution uk(x, t) on Rn × [0,∞) with initial condition uk0(x) such that:
(1) −(1− δ)In ≤ D2uk ≤ (1− δ)In,
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(2) For any compact subset S ⊂ Rn × [0,∞) we have
‖uk‖C1+α,β(S) ≤ CS,
where CS is a constant depending only on S.
(3) For any l, m and compact subset K ⊂ Rn × (0,∞) we have
‖uk(x, t)‖Cl,m(K) ≤ Cl,m,δ,K
where Cl,m,δ,K is a constant depending only on l, m, δ and K.
(4) supx∈Rn |Dluk(x, t)|2 < Cl,δ/tl−2 for all l ≥ 3 and some constant Cl,δ depending
only on l and δ.
Proof. Fix some k. By taking m = n in Proposition 5.1 we see that (5.1) has a
shorttime smooth solution with initial condition f0 = Du
k
0. It follows that (1.2) has a
smooth shorttime solution with initial condition F (x, 0) = (x, f0(x)) (see for example
p.19 in [1]), and thus by Lemma 2.1 that (1.1) also has a shorttime solution uk(x, t)
on Rn× [0, Tk) for some Tk > 0 with initial condition uk0. We can assume further that
Tk is the largest such time. Then by condition (2) in Lemma 5.1 and Lemma 4.1, we
have −(1− δ)In ≤ D2uk ≤ (1− δ)In in [0, Tk), and thus |D2uk| ≤ n in [0, Tk).
Now we want to show Tk =∞. Suppose Tk <∞. By Proposition 5.1, uk(x, t) has
bounded geometry for each t ∈ [0, Tk), and thus so does F˜ k(x, t) = (x,Duk(x, t)).
By Lemma 2.1 it follows that the second fundamental form, and all its covariant
derivatives, of the corresponding solution F (x, t) to (1.2) are uniformly bounded for
each t. It follows from the equation
d
dt
gij = −2H lhlij
for (1.2) that gij is equivalent to the Euclidean metric on R
n for each t. Thus F (x, t)
has bounded geometry for each t, and by Corollary 3.1, |H|2 ≤ Ct−1 in [0, Tk). It
follows that |H|2 is bounded by a positive constant Ck in [Tk/2, Tk). Thus by Lemma
4.3, |Dluk| ≤ Cl,k in [Tk/2, Tk) for all integer l ≥ 2. It then follows from Proposition
5.1 that we can extend the solution beyond Tk. This contradicts the definition of Tk
and so Tk =∞.
We now establish the estimates in (2) and (3). Since |D2uk| ≤ n, it follows that
|∂uk/∂t| ≤ C(n) for some constant depending only on n. Then as uk(0, 0) and
Duk(0, 0) are uniformly bounded for all k, we conclude that for any compact set
S ⊂ Rn × [0,∞) there exists a constant CS depending on S such that
‖uk‖C1+α,β(S) ≤ CS.
Now by Corollary 3.1, |H|2 ≤ Ct−1 for some C depending only on δ. Thus by
Lemma 4.3, for any T > 0 we have that |Dluk| ≤ Cδ,T on Rn × [T,∞) for all l ≥ 3.
Consequently |∂muk/∂mt| is likewise uniformly bounded on Rn× [T,∞) by a constant
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depending only on m and Cδ,T form ≥ 0. Then for any compact set K ⊂ Rn×(0,∞),
there exists some constant Cl,m,δ,K depending on l, m, δ,K such that
‖uk(x, t)‖Cl,m(K) ≤ Cl,m,δ,K.
Finally, we show the decay estimates (4) holds. We will first prove it for l = 3.
This amounts to show that sup
Rn |D3uk|2t ≤ C for t→∞ where C is independent of
k. Assume this is not the case. Since sup
Rn |D3uk| is finite for each t as uk satisfies
the bounded geometry condition, there exist tk > 0 such that
sup
x∈Rn,t≤tk
|D3uk(x, t)|2tk = sup
x∈Rn
|D3uk(x, tk)|2tk := 2µk →∞
as k →∞. For each k, there exists xk ∈ Rn such that
|D3uk(xk, tk)|2tk ≥ µk.
Let (y,Duλk(y, s)) the parabolic scaling of the graph (x,Du
k(x, t)) for t ≤ tk by
λk =
√
µk/tk at (xk, tk) for each k. By the same argument as in the proof of Lemma
4.3, for each k, uλk(y, s) is still a solution of (1.1) for s ∈ [−µk, 0] with
D2yuλk = D
2
xu
k, |D3yuλk | ≤
√
2
on Rn×[−µk, 0], hence for any fixed µ < µk, all higher derivatives of uλk are uniformly
bounded on Rn× [−µ, 0] for all sufficiently large k, by positive constants independent
of k by Lemma 4.2. Note that uλk(0, 0) = 0 and Dyuλk(0, 0) = 0, it then follows that
uλk(y, s) converges subsequentially on each compact set on R
n×(−∞, 0] to a solution
u∞ of (1.1) such that
−(1 − δ)In ≤ D2yu∞ ≤ (1− δ)In
and
|D3yu∞(0, 0)| ≥ 1.
Note that for each uk(x, t) we have |H|2t ≤ C for all t and some C independent of
k. Thus after scaling, for any fixed µ < µk we have |Hλk |2 ≤ Cµ−1k → 0 uniformly
on Rn × [−µ, 0] for all sufficiently large k. It follows that H∞ = 0 and so (y,Dyu∞)
is a special Lagrangian graph. But this contradicts the Bernstein theorem for special
Lagrangian graphs in [15]. So |D3uk|2t ≤ C for any k and t.
For l ≥ 4 we use a blowdown argument. This follows essentially from Lemma
4.2 as we have shown that |D2uk| and |D3uk| are bounded. Suppose that |Dluk|tl−2
were not bounded. Then there would exist (xk, tk) such that |Dluk|2(xk, tk)tl−2k ≥
µk → ∞. Similarly we can pick tk such that supt≤tk ,x∈Rn |Dluk|2tl−2 ≤ 2µk. Now let
λk = (t
l−2
k /µk)
1
2(2−l) and let (y,Duλk(y, s) be the parabolic scaling of (x,Du
k(x, t)) for
tk/2 ≤ t ≤ tk by λk at (xk, tk) for each k. After scaling, (y,Duλ(y, s)) is a solution of
(1.1) for s ∈ [−1/2, 0], and we have
D2yuλk = D
2
xu
k
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and
|D3yuλk(·, s)|2 =λ−2k |D3xuk(·, t)|2
=µ
1
2−l
k
(|D3uk(·, t)|2tk)
≤2µ
1
2−l
k
(|D3uk(·, t)|2t)→ 0
as k → ∞. By Lemma 4.2, all the higher derivatives of uλk are uniformly bounded.
Then as before, with uλk(0, 0) = Dyuλk(0, 0) = 0 we conclude that uλk converges
subsequentially on compact sets to a solution u∞ of (1.1). But again, |D3u∞| = 0
everywhere contradicts |Dlu∞(0, 0)| ≥ 1. 
6. Longtime existence and convergence
We are now ready to prove Theorems 1.1 and 1.3.
Proof of Theorem 1.1. Let u0(x) be as in Theorem 1.1. Let {uk0} be a sequence of
approximation of u0 as in Lemma 5.1. By Lemma 5.2, for each k we have a longtime
solution uk(x, t) to (1.1).
For any fixed positive R, T, ǫ, by (2) and (3) in Lemma 5.2, there exists a subse-
quence of {uk}, which we still denote by {uk}, such that for some uR,T onBR(0)×[0, T ]
we have:
(1) uk → uR,T in C1+α,β(BR(0)× [0, T ]) for any α, β ∈ (0, 1) with
|uR,T |C1+α,β ≤ C(R, T )
(2) uk → (uR,T )|[ǫ,T ] in C l,m(BR(0)× [ǫ, T ]) for any l, m with
|uR,T,ǫ|Cl,m ≤ C(l, m,R, T, ǫ)
Then letting R→∞, T →∞, ǫ→ 0 and using a diagonal subsequence argument, we
may conclude that {uk} has a convergent subsequence converging on every compact
subset of Rn × [0,∞) to a solution u of (1.1) which is smooth on Rn × (0,∞) and
limt→0 u(x, t) = u0(x) for all x ∈ Rn. In particular, we know that u(x, t) → u0(x) in
C1+α(S) for each compact set S ⊂ Rn when t → 0. It is then not hard to see from
Lemma 5.2 that u(x, t) satisfies conditions (1)-(3) of Theorem 1.1.
As t→∞, we know that |D3u| (or the second fundamental form) decays at the rate
C/
√
t. But in general, u(x, t) may not converge as t→∞ since the graph (x,Du(x, t))
could move on the order 1/
√
t. See [3] for the discussion for codimension one case. If
we assume in addtion |Du0(x)| → 0 for |x| → ∞, then by Lemma 4.4 we know that
|Du(x, t)| stays bounded. Consider the equation for uk
∂uk
∂t
= g˜ijukij
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As |D2u| is uniformly bounded thus so is g˜ij and the above equation is uniformly
parabolic. We can then use the theorem in [7] to obtain that Du(x, t) → 0 when
t→ 0. 
Proof of Theorem 1.3. The convergence in the theorem follows from the estimates in
Theorem 1.1 and the results in [11]. 
7. Bernstein type theorem for translating solitons
We now prove Theorem 1.2.
Proof. Recall that an entire Lagrangian translating soliton graph (x,Du(x)) satisfies
(7.1)
∑
i
arctanλi +
∑
i
ai
∂u
∂xi
−
∑
i
bixi = c.
Step 1. If |D3u| is uniformly bounded, then |Dlu| is uniformly bounded for all l ≥ 4.
To see this, differentiating (7.1) we get
(7.2) gijuijk = −aiuik + bk,
where gij = δij+uikukj is the induced metric by (x,Du(x)). Recall that |D2u| ≤ n. A
standard bootstrapping argument shows that if |D2u|, |D3u| are bounded, then |Dlu|
is bounded for all l ≥ 4.
Step 2. |D3u| is uniformly bounded.
We first observe that |H| is uniformly bounded. To see this, note that |D2u| ≤ n
and thus gij is equivalent to the standard Euclidean metric. Also H ≡ T⊥ and T is
a constant vector from which it follows that |H| is bounded.
Suppose that |D3u| is not bounded. Then as u is smooth, there exists xk ∈ Rn
such that |D3u(xk)| → ∞ while |xk| → ∞.
Claim There exists a sequence {yk} such that for each k: yk ∈ Bxk(2) and for some
nonnegative integer nk, |D3u(yk)| = 2nk |D3u(xk)| and |D3u(y)| ≤ 2|D3u(yk)| for any
y ∈ Byk(2−nk).
We establish the claim by using Perelman’s point selection technique [10]. Fix any
xk. If |D3u(x)| ≤ 2|D3u(xk)| for all x ∈ B1(xk) then the claim holds for xk. If this is
not the case, however, there must exist x1k ∈ B1(xk) such that |D3u(x1k)| = 2|D3u(xk)|
by the intermediate value theorem. Suppose that xlk is constructed as above for some
l ≥ 1 while |D3u(x)| ≤ 2|D3u(xlk)| is not satisfied for some x ∈ B2−l(xlk). Then as
before there exists xl+1k ∈ B2−l(xlk) such that |D3u(xl+1k )| = 2|D3u(xlk)|. Clearly, the
sequence {xlk} satisfies |D3u(xlk)| = 2l|D3u(xk)| and d(xlk, xk) ≤
∑l
i=0 1/2
i ≤ 2 for
each l. Since u is smooth and |D3u(xk)| ≥ 1 for k sufficiently large, this process can
generate at most a finite number of points x1k, x
2
k, ..., x
nk
k . The claim is established by
letting yk = x
nk
k for each k.
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For each k, in the notation above we have yk ∈ Bxk(2) and |D3u(yk)| = 2nk |D3u(xk)|
and |D3u(y)| ≤ 2|D3u(yk)| for all x ∈ Byk(2−nk). Denote |D3u(xk)| = µk and λk =
|D3u(yk)| = 2nkµk. We consider a sequence of scalings of (x,Du(x)) as follows,
z = λk(x− yk)
uλk(z) = λ
2
k[u(x)− u(yk)−Du(yk) · (x− yk)]
(7.3)
After scaling, uλk(0) = Dzuλk(0) = 0, and for any integer l ≥ 1,
Dlzuλk = λ
2−l
k D
l
xu.
Moreover the graph (x,Du) over Byk(2
−nk) becomes the graph (z,Dzuλk) over B0(µk).
Also we have Hλk = λ
−1
k H and |D3zuλk | ≤ 2 for all z ∈ B0(µk). By (7.2), it is clear
that
(7.4) (gλk)
ij(uλk)ijk = λ
−1
k (ai(uλk)ik − bi),
where (gλk)ij = δij + (uλk)ik(uλk)kj. By a standard bootstrapping argument, for any
z ∈ B0(µk−1), all higher derivatives of uλk(z) are uniformly bounded since |D3zuλk | ≤
2. This combined with uλk(0) = Dzuλk(0) = 0 give a bound on ‖uλk‖Cl for each l
which is independent of k and uniform for each compact set in Rn since µk → ∞.
Then by the Arzela-Ascoli theorem uλk converges subsequentially on any compact
subset of Rn to a smooth function u∞ on R
n. Since Hλk = λ
−1
k H and H is uniformly
bounded for (x,Du), then |H∞| ≡ 0 for (z,Dzu∞), and so (z,Dzu∞) is a special
Lagrangian graph. We know that
−In ≤ D2u∞ ≤ In.
But the Bernstein theorem in [15] contradicts |D3u∞(0)| = 1. The completes Step 2.
Step 3. The second fundamental form A ≡ 0.
Let F (x, t) be the translating solution to (1.2) generated by (x,Du0(x)), and let
u(x, t) be the corresponding solution to (1.1) with initial condition u0. Then as F (x, 0)
has bounded geometry by Steps 1 and 2, it follows that F (x, t) does as well for each
t, and in particular supx∈Rn |A(x, t)| is constant in t. On the other hand, by the proof
of Lemma 5.2, u(x, t) must then satisfy
sup
x∈Rn
|D3u(x, t)|2 ≤ C/t
for all t and some constant C depending only on δ. It follows that supx∈Rn |A(x, t)| = 0
for all t, and thus (x,Du0(x)) must be a flat plane. 
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